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SUMMARY 

Buck l ing   s tud ie s  were conducted on t runca ted  120° c o n i c a l   s h e l l s   h a v i n g  
large end r i n g s  and many i n t e r i o r   r e i n f o r c i n g   r i n g s  tha t  are t y p i c a l   o f   a e r o -  
s h e l l s   u s e d  as s p a c e c r a f t   d e c e l e r a t o r s .  An e x i s t i n g   t e c h n i q u e   f o r   c a s t i n g  
epoxy  models  of  such  shells was used to   p roduce   cones   t ha t   cou ld  be buckled 
repeatedly  throughout  a wide range   of   base-end-r ing   s izes .   Changes   in  base- 
e n d - r i n g   s t i f f n e s s  were accomplished by simply  machining away a por t ion   of  
t h e  base r ing   be tween  success ive   buckl ing  tests. The a b i l i t y   t o   d e t e r m i n e  
a n a l y t i c a l l y   t h e   t r a n s i t i o n   i n   b u c k l i n g   f r o m   e x t e n s i o n a l   t o   i n e x t e n s i o n a l  
behavior   wi th   decreas ing   base- r ing   s ize  was v e r i f i e d  by us ing   buckl ing  tests 
for   compar ison .   In i t ia l   imperfec t ion   measurements   f rom the  test  cones were 
i n c l u d e d   i n   t h e   a n a l y t i c a l   m o d e l .  

INTRODUCTION 

The s t r u c t u r a l   d e s i g n   o f   s t i f f e n e d   a e r o s p a c e  she l l  s t r u c t u r e s  is o f t e n  
based on a n a l y s e s   t h a t  u s e  a r e l a t i v e l y  s imple  beam or  r i n g   t h e o r y   t o   a c c o u n t  
f o r  discrete s t i f f e n e r s .   S u c h   t h e o r i e s   t y p i c a l l y   i n v o l v e   t h e  area, i n e r t i a  
p r o p e r t i e s ,  and   bend ing   and   tw i s t ing   s t i f fnes ses   t o   accoun t   fo r  the effect  of  
t h e  discrete s t i f f e n e r  on t h e  behav io r   o f   t he   s t ruc tu re .   (See  refs. 1 t o  4.)  
I n  a s h e l l - o f - r e v o l u t i o n   a n a l y s i s ,  a severe  test o f   t h e   v a l i d i t y   o f   s u c h   r i n g  
t h e o r i e s  is the p r e d i c t i o n   o f  t he  buckl ing  behavior   of  a she l l  w i t h  large end 
r i n g s  t h a t  provide  an  approximate  simple  support  when a t t a c h e d   t o  i ts  edges. 
Publ ished  experimental  data v e r i f y i n g  t h i s  type   o f   she l l - s t i f fener   combina t ion  
are not   adequate .   In  many cases, experimental  data are f o r  a conf igu ra t ion  
which has end r i n g s   t h a t  are d e l i b e r a t e l y   o v e r s i z e d   t o   a v o i d   u n c e r t a i n t i e s  
a s soc ia t ed  w i t h  t h e  r ing   behav io r .   (See  refs.  5 t o  9 . )  Thus, there is a need 
f o r  tests w i t h  a wide  range   of   end- r ing   s izes ,   inc luding  tests where t h e  end- 
r i n g   p r o p e r t i e s   h a v e  a large effect  on she l l  buckl ing  behavior .  

Such  an  invest igat ion was begun i n   r e f e r e n c e  10 by us ing  small cast-epoxy 
c o n i c a l   s h e l l s   i n  which t h e  base-end-r ing   s ize  was va r i ed  by machining material 
away from a s o l i d   c r o s s - s e c t i o n  base r ing.   Because  buckl ing was not  cata- 
s t r o p h i c ,  a large number o f  tes ts  could be obtained  from a s ing le   spec imen   fo r  
a wide r ange   o f   base - r ing   s i ze s .  However, t h e  i n v e s t i g a t i o n  was not  completed 
i n   r e f e r e n c e  10 b e c a u s e   t e n s i l e   f a i l u r e s   o c c u r r e d  a t  t h e   h i g h e r   l o a d s   a s s o c i a t e d  
w i t h   t h e  larger b a s e - r i n g   s i z e s .   I n  the p r e s e n t   i n v e s t i g a t i o n  a technique for 
s t rengthening   the   cone  was developed tha t  a l l o w e d   t e s t i n g  a t  a l l  r i n g   s i z e s .  
The purpose  of t h e  p re sen t   pape r  is t o   r e p o r t  t h e  r e s u l t s   o f  t h e  complete 
e x p e r i m e n t a l   i n v e s t i g a t i o n   a n d   t o   c o r r e l a t e   t h e s e   e x p e r i m e n t a l   r e s u l t s   w i t h  
a n a l y t i c a l   p r e d i c t i o n s   o f  a s h e l l - o f - r e v o l u t i o n   a n a l y s i s  program i n   o r d e r   t o  
assess the   adequacy   of   the   r ing   theory .  



SYMBOLS 

The u n i t s   u s e d   f o r   p h y s i c a l   q u a n t i t i e s   d e f i n e d   i n  t h i s  paper are g i v e n   i n  
the  In t e rna t iona l   Sys t em  o f   Un i t s  (S I ) .  Correlat ion  between t h i s  system  of  
un i t s   and  U.S. Customary  Units is g i v e n   i n   r e f e r e n c e  11 .  U.S. Customary Un i t s  
were used i n   p e r f o r m i n g   t h e   c a l c u l a t i o n s .  

base-r ing  depth,  cm (see f i g .  1) 

f u l l  s ize  base-r ing  depth,  cm (see f ig .  1) 

modulus o f   e l a s t i c i t y ,  N/m2 

r i n g  moment. o f  i n e r t i a   a b o u t   c e n t r o i d a l   a x i s   p a r a l l e l   t o   s h e l l  
a x i s ,  cm 4 

r i n g  moment o f   i n e r t i a   a b o u t   c e n t r o i d a l   a x i s   n o r m a l   t o  she l l  
a x i s ,  cm 4 

r i n g   c r o s s   p r o d u c t   o f   i n e r t i a ,  cm 4 

t o r s i o n a l   c o n s t a n t ,  cm 

number of f u l l   c i r c u m f e r e n t i a l   b u c k l e  waves 

c r i t i c a l   b u c k l i n g   p r e s s u r e ,  N/m2 

c r i t i c a l  buckling  pressure  of  cone w i t h  f u l l   d e p t h  base r i n g ,  N/m2 

mer id iona l   coord ina te   wi th   o r ig in  a t  s u p p o r t   r i n g ,  cm 

meridional  length  between base r i n g   a n d   s u p p o r t   r i n g ,  cm 

th i ckness ,  cm 

d i s p l a c e m e n t   p a r a l l e l   t o  she l l  axis o f   r evo lu t ion ,  cm 

displacement  of she l l  s u r f a c e   i n  radial  d i r e c t i o n ,  cm 

measured  imperfection  normal  to she l l  surface, cm 

Car t e s i an   coord ina te s  (see f i g .  1)  

l o c a t i o n   o f   r i n g   c e n t r o i d   r e l a t i v e   t o   r i n g   a t t a c h m e n t   p o i n t  
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on she l l  midsurface,  cm 

imperfec t ion   ampl i tude ,  cm 

c i r c u m f e r e n t i a l   s t r a i n   i n   r i n g s  

i n s i d e  surface m e r i d i o n a l   s t r a i n  



(QO o u t s i d e   s u r f a c e   m e r i d i o n a l   s t r a i n  

(€0 1 i i n s i d e   s u r f a c e   c i r c u m f e r e n t i a l   s t r a i n  

(&e 0 o u t s i d e   s u r f a c e   c i r c u m f e r e n t i a l   s t r a i n  

e c i r c u m f e r e n t i a l   c o o r d i n a t e ,  deg 

1-I Poisson l s r a t i o  

P d e n s i t y ,  g/m3 

Abbreviation: 

LVDT l i nea r   vo l t age   d i sp l acemen t   t r ansduce r  

SHELL GEOMETRY AND TEST PROCEDURE 

The p r i n c i p a l   f e a t u r e s   o f   t h e   c o n i c a l  she l l  can be  s e e n   i n  t h e  c ross -  
s ec t iona l   d rawing   i n   f i gu re  1 .  Computed c r o s s - s e c t i o n a l   p r o p e r t i e s   f o r  t h e  
v a r i o u s   r i n g   c o n f i g u r a t i o n s   i n   t h e   s h e l l   s t r u c t u r e  are l i s t ed  i n  table  I and 
wall-thickness  measurements are summarized i n  table  11. Specimens A t o  E are 
t h e  c o n e s   s t u d i e d   i n   r e f e r e n c e  I O ;  specimen F is iden t i ca l   t o   spec imens  A t o  E 
excep t   fo r  t he  add i t ion   o f  12 e q u a l l y   s p a c e d   s t r i n g e r s  added t o   r e d u c e  stresses 
i n  the v i c i n i t y   o f  t h e  s u p p o r t   r i n g .  Measured th i cknesses  are  used i n  t h e  ana- 
l y t i c a l  models  employed i n  t h i s  pape r .   Ma te r i a l   p rope r t i e s   o f  the epoxy i n   t h e  
cones were determined  from a series of  standard  coupon tests ( r e f .  12) and are  
summarized i n   f i g u r e  2 .  The material p rope r t i e s   exh ib i t ed   ve ry  l i t t l e  depen- 
dence on s t r a i n  ra te .  Coupon tests were conducted  over  an 18-month per iod a f te r  
c a s t i n g  and showed t h a t  t h e  p r o p e r t i e s  d i d  not  change w i t h  age .  The f r a c t u r e  
range shown is determined by p l o t t i n g   t h e   h i g h e s t   a n d   l o w e s t   f r a c t u r e   s t r a i n s  
found for t he  tes t  specimens. 

The tes t  appa ra tus  shown i n   f i g u r e s  3 and 4, described i n  de t a i l  i n  
r e fe rence  I O ,  was used t o   a p p l y  the  e x t e r n a l   p r e s s u r e   t o  t h e  cones.  The 
e n t i r e   p r e s s u r e   l o a d  was reacted a t  t h e  s u p p o r t   r i n g  as  i n d i c a t e d   i n  f ig- 
u re  1 .  The membrane seal  a t  t he  base r i n g  shown i n   f i g u r e  3 causes  a small 
a x i a l   r e a c t i o n  which was i n c l u d e d   i n   t h e   a n a l y s i s .  For t h e  buckl ing tes ts ,  d i s -  
placements   normal   to  t h e  she l l  s u r f a c e  were measured by us ing  LVDT's  ( l i n e a r  . 
vol tage   d i sp lacement   t ransducer )   pos i t ioned  a t  eight c i r c u m f e r e n t i a l   l o c a t i o n s .  
These  displacement  measurements were used to   de t e rmine  the c i r c u m f e r e n t i a l  mode 
shape of  t h e  buck le   pa t t e rn .  The c i r c u m f e r e n t i a l   p o s i t i o n   o f  maximum d i sp lace -  
ment w a s  a l s o   n o t e d   f o r   u s e   i n  a r e p e a t  tes t .  I n   t h e   r e p e a t  tes t ,  the  LVDT's  
were arranged on a m e r i d i o n a l   l i n e   t h r o u g h   t h e   p o s i t i o n   o f  maximum disp lace-  
ment t o   de t e rmine  the mer id iona l  mode shape   of   the   buckle   pa t te rn .  

ANALYSIS PROCEDURE 

I n   o r d e r   t o   s t u d y   v a r i o u s   b a s e - r i n g   s i z e s ,  t h e  cones were analyzed by 
us ing  t h e  B$S$R4 she l l  of revolu t ion   code  described i n   r e f e r e n c e  1 .  The 
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a n a l y t i c a l  model was based on t h e  c r o s s   s e c t i o n  shown i n   f i g u r e  1 .  The d i s -  
crete r i n g s  were numbered 1 t o   1 2 ,  w i t h   t h e  s u p p o r t   r i n g  numbered 1 and the 
base r i n g  numbered 12. A l l  12 r i n g  areas i n  t h e  c r o s s   s e c t i o n  are shaded,  and 
the  cross-hatched area on the  b a s e   r i n g   r e p r e s e n t s  material removed  by  machin- 
i n g .  The buck l ing   l oads   fo r  t h e  v a r i o u s   b a s e - r i n g   s i z e s  were computed by us ing  
the o p t i o n   f o r   b i f u r c a t i o n   f r o m  a nonl inear   p rebuckl ing  stress state i n  B$S$R4. 
In   o rde r   t o   s ave   computa t ion  time and cos ts ,   however ,  the b u c k l i n g   s o l u t i o n s  
used  to   s tudy  buckl ing  boundary  condi t ions  and effects  of  model imperfec t ions  
were computed by us ing   b i fu rca t ion   f rom a l i n e a r   p r e b u c k l i n g  stress s ta te .  
R e s u l t s   f o r  the s ta t ic  stress and s t r a i n   a n a l y s i s   i n c l u d e   n o n l i n e a r  effects .  

ANALYSIS AND TEST RESULTS 

S t r a i n   A n a l y s i s  

Comparisons  of   experimental   s t ra ins  wi th  s ta t ic  stress a n a l y s i s   r e s u l t s  are 
p r e s e n t e d   i n   f i g u r e s  5 t o  7. The e x p e r i m e n t a l   r e s u l t s  are from r e f e r e n c e  10 
f o r  a cone wi th  a f u l l   d e p t h  base r i n g ,   w i t h o u t   m e r i d i o n a l   s t i f f e n i n g   s u b j e c t e d  
t o   a n   e x t e r n a l   p r e s s u r e   l o a d i n g  tha t  was about  half  of i ts  b i fu rca t ion   buck l ing  
load .  The t h e o r e t i c a l   r e s u l t s  are f o r  t h e  cone w i t h  and w i t h o u t   s t r i n g e r s  and 
show the  effect  t h a t  mer id iona l   s t i f f ene r s   have  on t h e  s t r a i n s .  The o v e r a l l  
agreement   between  theoret ical  and e x p e r i m e n t a l   s t r a i n s  is considered-’ t o  be good. 
Despi te  t h e  large v a r i a t i o n s  shown i n   f i g u r e  5 of t he  m e r i d i o n a l   s t r a i n  w i t h  
m e r i d i o n a l   l o c a t i o n  S/SL caused by the  i n t e r n a l   s t i f f e n i n g   r i n g s ,   t h e   a n a -  
l y t i c a l   s t r a i n s  on t h e  o u t s i d e   s u r f a c e  are within  23  percent   of   experiment ,  w i t h  
t h e  maximum d i f f e r e n c e   o c c u r r i n g   n e a r  S/SL of   0 .25.  The ageement w i t h  exper i -  
ment f o r  t h e  a n a l y t i c a l l y  computed c i r c u m f e r e n t i a l   s t r a i n s  is very  good, as 
shown i n   f i g u r e   6 ( a ) .  The a n a l y t i c a l   s t r a i n s  are wi th in  15 percent   o f  t h e  
exper imenta l   va lues ,  wi th  the  maximum devia t ion   occur r ing   near  S/SL = 0.85. 
Two d i s t i n c t   e x p e r i m e n t a l   s t r a i n   v a l u e s  are shown i n   f i g u r e   6 ( a ) ,  a t  S/SL = 0.52 
and 0.8 where two s t r a i n  gages were placed a t  d i f f e r e n t   c i r c u m f e r e n t i a l   l o c a -  
t i o n s .  The d i f f e r e n c e  between the two s t r a i n s   g i v e s  some ind ica t ion   o f  t he  
v a r i a t i o n   i n   e x p e r i m e n t a l   s t r a i n   l e v e l  w i t h  c i r c u m f e r e n t i a l   l o c a t i o n .  The 
small d i f f e r e n c e   o b s e r v e d   i n d i c a t e s   t h a t  t h e  cones were uni form  cas t ings  of good 
q u a l i t y .  

I n   o r d e r   t o  compare s t r a i n s   i n   t h e  12 r i n g s ,  as shown i n  figure 7 ,  t h e  
a n a l y t i c a l   s t r a i n s  on the  su r face   o f  the r i n g s  a t  t h e  s t r a in -gage   l oca t ions  must 
i nc lude  t h e  s t r a i n   i n d u c e d  by t w i s t i n g   o f  t h e  r i n g .   S t r a i n   g a g e s  a t  two differ-  
e n t   l o c a t i o n s  on the  suppor t   r ing   gave  the two s t r a i n   v a l u e s  shown a t  S/SL = 0 
f o r  t h i s  r i n g .   A n a l y t i c a l   s t r a i n s  a t  these  two l o c a t i o n s  are shown f o r  compar- 
i son .  The agreement  between  analysis  and  experiment is good,  with a maximum 
discrepancy  of  25 pe rcen t   occu r r ing   i n  t h e  s u p p o r t - r i n g   s t r a i n s .  

Effect o f   Mer id iona l   S t r inge r s  

An i n s p e c t i o n   o f   f i g u r e  5 ( b )  shows a m e r i d i o n a l   t e n s i l e   s t r a i n   a p p r o a c h i n g  
0.01 on the   i n s ide   su r f ace   o f   t he   cone   i n   t he   r eg ion   be tween  s / s ~  = 0.09 and 
S/SL = 0. The m e r i d i o n a l   s t r a i n s  a t  a p res su re   l oad ing   o f  20.5 kN/m2 i n   t h i s  
h igh ly   s t r a ined   r eg ion ,  when e x t r a p o l a t e d   t o  t h e  45 kN/m2 buckl ing   pressure  
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expec ted   for  t h i s  cone  with a f u l l  base r i n g ,  w i l l  e x t e n d   i n t o   t h e   f r a c t u r e  
range   de te rmined   for   the  material. (See f i g .  2 . )  Thus t h e   f r a c t u r e   f a i l u r e s  
i n   t h e  tests o f   r e f e rence   10 ,  l i k e  t h e  one shown i n   f i g u r e  3 ,  were a conse- 
quence   o f   h igh   t ens i l e   s t r a ins   i nduced  on t h e   i n s i d e   s u r f a c e   o f   t h e   c o n e s   n e a r  
t he  suppor t   r i ng .  

For t h e   p u r p o s e   o f   r e d u c i n g   t h e   s t r a i n s   i n   t h e   h i g h l y   s t r a i n e d  area near  
t h e   s u p p o r t   r i n g   t o   t h e  same l e v e l  as t h e   o t h e r   m e r i d i o n a l   s t r a i n s  i n  the cone, 
v a r i o u s   s t r i n g e r   g e o m e t r i e s  were s t u d i e d   i n   t h e   a n a l y t i c a l  model. As shown i n  
f i g u r e  1 ,  t h e  selected m e r i d i o n a l   s t i f f e n e r   d e s i g n   c o n s i s t s   o f   1 2   s t r i n g e r s  
equal ly   spaced  around  the  c i rcumference.  The s t r i n g e r   w i d t h  is a cons tan t  
0.38 cm, b u t   t h e   s t r i n g e r   d e p t h   t a p e r s   f r o m  0.38 cm a t  t h e  s u p p o r t   r i n g   t o  
0 cm a t  r i n g  4. The c a s t i n g  mold u s e d   i n   r e f e r e n c e  10 was modif ied  to   produce 
the  selected s t r i n g e r   d e s i g n   i n  a test specimen. 

The s t r i n g e r s  added 0 . 2   p e r c e n t   t o   t h e  computed mass o f   t h e   s h e l l   b u t  
l owered   t he   mer id iona l   s t r a in   nea r   t he   suppor t   r i ng  by almost  a f a c t o r   o f  
three, as  can be s e e n   i n   f i g u r e   5 .  The s t r a i n s  shown by t h e  dashed   curve   in  
f i g u r e  5 are s h e l l   s u r f a c e   s t r a i n s  computed  from stress r e s u l t a n t s   f o r  a 
smeared s t r i n g e r   a n a l y s i s .  

Resul ts   of   Buckl ing Tests 

A s  the   load  increases ,   normal   displacements   measured by t h e  LVDT's show 
a n e a r l y   u n i f o r m   i n c r e a s e   i n   d e f l e c t i o n  a l l  a round  the  she l l  up t o   p r e s s u r e s  
nea r   t he   buck l ing   p re s su re .  Near buckl ing ,  as t h e  buckle   shape   begins   to  
develop,  t h e  inward   d i sp l acemen t s   beg in   t o   i nc rease   d i sp ropor t iona te ly   w i th  
load  while   outward  displacements  start t o  decrease. P l o t s   o f  the  displacements  
a t  d i f f e r e n t   v a l u e s   o f   p r e s s u r e ,  as shown i n   f i g u r e  8 ,  i l l u s t r a t e   t h e   d e v e l o p -  
ment  of t h e  mode shape w i t h  l o a d .  Those LVDT's which show a r e v e r s a l  are used 
to   de t e rmine  t h e  buck l ing   p re s su re .  The exper imenta l -b i furca t ion   buckl ing  
p r e s s u r e ,   f o r  t h e  purposes   of  t h i s  p a p e r ,  is def ined  as  that  p re s su re  a t  which 
the  first of   these  LVDT d isp lacement   curves   begin   to   decrease  w i t h  i nc reas ing  
p res su re .  The p res su re  marked " e x p e r i m e n t a l   b i f u r c a t i o n "   i n   f i g u r e  9 cor re -  
sponds   t o  t he  p r e s s u r e   f o r  t h e  LVDT curve  on the extreme r i g h t  which first gave 
evidence  of  a r e d u c t i o n   i n   d e f l e c t i o n  or r e v e r s a l .  The r e s u l t s   o f  the buckl ing  
tes ts  are g i v e n   i n  table I11 and  include resul ts  from  reference  10.  The exper i -  
m e n t a l   a n d   t h e o r e t i c a l   b i f u r c a t i o n   p r e s s u r e s   f o r   t h e   v a r i o u s   b a s e - r i n g   c o n f i g u -  
r a t i o n s   i n v e s t i g a t e d  are t a b u l a t e d  as well a s  t h e  wave number of  t h e  buckle mode. 

Shown i n   f i g u r e  10 are t h e   b u c k l i n g   p r e s s u r e s   f o r   c o n e s   w i t h o u t   s t r i n g e r s  
and shown i n   f i g u r e  1 1  are t h e   r e s u l t s  f o r  a cone w i t h  s t r i n g e r s .  The  two 
segments   of   the   buckl ing  curves  shown i n   t h e s e   f i g u r e s  are the r e s u l t   o f  two 
buckl ing phenomena. (See r e f .  13.)  For base- r ing   depth   ra t ios   above   0 .75 ,  t h e  
c r i t i c a l  buckle  mode is s i x   f u l l  waves (n  = 6)  o f   t h e   e x t e n s i o n a l   t y p e  shown 
i n   f i g u r e   1 2 ( a ) .  The c r i t i c a l  mode below  0.75 is t h r e e   f u l l  waves o f   t h e  
i n e x t e n s i o n a l   t y p e  shown i n   f i g u r e   1 2 ( b ) .  For t h e  n = 6 mode, i n c r e a s e s   i n  
base- r ing   s ize   above  d/dr = 0.75  have  very l i t t l e  effect on the   buckl ing   pres -  
s u r e .   I n   f a c t ,  i f  t h e  base r i n g  were made i n f i n i t e l y   s t i f f ,   t h e   b u c k l i n g   p r e s -  
s u r e  would be inc reased   t o   on ly   50 .5  N/m2,  a 12 -pe rcen t   i nc rease   ove r   t he  buck- 
l i n g   p r e s s u r e   f o r  d/dr = 1.0. 
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By suppor t ing  t h e  cone  on the  test f i x t u r e  as shown i n   f i g u r e  3, only  t h e  
axial d isp lacement   o f   the  shell  is r e s t r a i n e d ,   t h e r e b y   g i v i n g  t h e  prebuckl ing  
boundary   cons t ra in t   o f  u = 0 only  a t  t h i s  edge. The large ax ia l   l oad   f rom 
the  cone,   reacted by the  fixed suppor t ,  presses t h e   s u p p o r t   r i n g  down t o   t h e  
suppor t   p lane .   Therefore ,  a larger counter load  would be needed t o  l i f t  t he  
s u p p o r t   r i n g   o f f   o f   t h e   s u p p o r t .   S i n c e   i n i t i a l   b u c k l i n g   o n l y   i n v o l v e s  small 
f o r c e s ,  the  buckling  boundary  condition u = 0 seems a p p r o p r i a t e   f o r   a n a l y s i s .  
This  assumption is s u b s t a n t i a t e d  by t h e   r e s u l t s   p r e s e n t e d   i n   f i g u r e  13, i n  
which it can be seen  that the  u # 0 buckl ing   loads  are considerably  lower  than 
the u = 0 buckl ing   loads .  It is the  u = 0 a n a l y t i c a l   b u c k l i n g   l o a d s  t ha t  
agree wi th  exper imenta l   loads  shown i n   f i g u r e s  10 and 11 .  With u = 0 ,  the 
b u c k l i n g   p r e s s u r e   f o r  t h e  n = 2 mode i s  d r iven  up t o   p r e s s u r e s   a b o v e  t h e  
n = 3 mode which then becomes t h e  lowes t   inextens iona l   buckl ing  mode f o r  d/dr 
from 0 t o   a b o u t  0.75. R e s i s t a n c e   t o  radial motion,  caused by f r i c t i o n  and the 
large a x i a l   l o a d ,  is cons ide red   t o  be neg l ig ib l e   du r ing   buck l ing .  The curve 
f o r  w = 0 i n   f i g u r e  13 c o r r e s p o n d s   t o   i n f i n i t e   f r i c t i o n   t o  radial  motion. 
The case o f   i n f i n i t e  radial f r i c t i o n  and  no a x i a l  movement is represented  by 
the  composite  curve u = 0; w = 0 i n   f i g u r e  13. The a s s e r t i o n  tha t  f r i c t i o n  
does   no t   app rec i ab ly   cons t r a in  the radial displacement   during  buckl ing is borne 
ou t  by the  fac t  tha t  t he  experimental  t e s t  p o i n t s   i n   f i g u r e  11 t e n d   t o   f o l l o w  
the ana lys i s   curve   for   bo th   load   and  mode number. 

The agreement shown i n   f i g u r e s  10 and 11 between  experiment   and  analysis  
is c o n s i d e r e d   t o  be good. For t h e  c o n e   w i t h o u t   s t r i n g e r s ,   f i g u r e  10 shows tha t  
t h e  t es t  loads  are higher than  the a n a l y s i s   l o a d s ;  f o r  t h e  cone w i t h  s t r i n g e r s ,  
f i g u r e  11 shows t h a t  two o f  the  tes t  loads  are higher than t h e  a n a l y s i s   l o a d s .  
The experimental  data a t  d /dr  = 0.67 agrees well w i t h  t h e  curve n = 6 ,  bu t  
a n a l y s i s  predicts  an n = 3 mode f o r  t h i s  base - r ing   s i ze .  The usual   experience 
i n   t e s t i n g  shells has been that  cons iderable   d i f fe rences   be tween  theory   and  
experiment  have  been  observed. I n  r e fe rence  14 a knockdown f a c t o r   o f  0.75 is 
recommended f o r   c o n e s  subject  t o   p r e s s u r e   l o a d i n g ,  based on the  lower limit of  
experimental  data f o r  monocoque cones.  This  f a c t o r  appears t o  be t o o   s e v e r e   f o r  
t h e  c u r r e n t  tests.  

For the tests where ex tens iona l  modes developed, t h e  change i n  displace- 
ment p a t t e r n  w i t h  i n c r e a s i n g   p r e s s u r e  was sudden  and sharp.  I n  tes ts  where 
inex tens iona l  modes developed the displacement  change  began  slowly  and  took 
a c o n s i d e r a b l e   i n c r e a s e   i n   p r e s s u r e   f o r  t he  mode t o  be fu l ly   deve loped .   (See ,  
for  example,  f i g .  9 ) .  Where t h e  displacement decrease was sudden, t he  b i fu r -  
ca t ion   p re s su re  was eas i ly   de te rmined  whereas f o r  slow changes,   such as shown 
i n   f i g u r e  9 ,  the tangent   po in t  was not  well def ined .  

The cones   exhib i ted  a p la t eau  shown by the  p res su re  labeled "experimental  
c o l l a p s e "   i n   f i g u r e  9 .  This  p l a t eau   occu r red   nea r ly   s imu l t aneous ly   fo r  a l l  t h e  
LVDT's i n  a tes t  and was thus   ea s i ly   de t e rmined   fo r  most  of the cones.  For 
cones with inextens iona l   buckl ing  modes, t h i s  p la teau   occur red  a t  the  maximum 
pres su re  carried. For the  cones with ex tens iona l  modes,  however, t h i s  p l a t e a u  
was m e r e l y   a n   i n f l e c t i o n   p o i n t   i n  t h e  pressure   d i sp lacement   curve  where con- 
siderable d e f l e c t i o n  was observed  before  the p res su re   con t inued   t o   i nc rease .  
The exper imenta l   co l lapse   for   cones  which buckled i n   a n   i n e x t e n s i o n a l  mode 
occurred a t  pressures   cons iderably  higher than  the exper imenta l   b i furca t ion  
p res su res .  (See f ig .  9 . )  For the cones which buck led   i n   an   ex tens iona l  mode, 
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the p r e s s u r e   f o r  t he  p l a t eau  was o n l y   s l i g h t l y  higher than t h e  experimental  
b i fu rca t ion   p re s su re .   F igu re  12 is a comparison  plot  showing the  shape  of 
t h e   e x t e n s i o n a l  and i n e x t e n s i o n a l  modes as  determined by a n a l y s i s .  

The effect  of  t he  s t r i n g e r s  on t h e   a n a l y t i c a l   b u c k l i n g   l o a d  was i n v e s t i -  
gated by compar ing   the   ana ly t ica l   curves  shown i n   f i g u r e s  10 and 1 1 .  The 
s t r i n g e r s  have  very l i t t l e  e f fec t  on t h e  n = 6 buckl ing   pressure   near  
d/dr = 1.0 where t h e  s t r i n g e r s   i n c r e a s e   t h e   p r e s s u r e  by 2 percent .   For  
t h e  n = 3 mode, t h e   s t r i n g e r s   i n c r e a s e  t he  pressure  f rom  about  5 percent   near  
d/dr = 0.75  to   about  25 percent   near  d/dr = 0.  

IMPERFECTIONS 

The cones were measured a f te r  f a b r i c a t i o n ,  as descr ibed  i n   r e f e r e n c e  10, 
t o   de t e rmine   t he   magn i tude   and   shape   o f   any   i n i t i a l   dev ia t ions   f rom a p e r f e c t  
cone. The data revea led  t ha t  a l l  specimens had similar i m p e r f e c t i o n s   t y p i c a l  
o f   t he  data shown i n   f i g u r e  14. The imperfec t ions  are near ly   axisymmetr ic  
w i t h  a s ing le   ha l f -wave   shape   i n  t he  m e r i d i o n a l   d i r e c t i o n   w i t h  a maximum 
amplitude  between  0.5  and 0.6 of the shell-wall thickness .   For   an  axisymmetr ic  
half-s ine-wave  imperfect ion  in   the  analyt ical   model ,  the  maximum ampli tude  of  
the  measured  shape  and the l eng th   o f  t h e  s h e l l   m e r i d i a n  were used as the  ampli- 
t u d e  and  half-wave  length,   respect ively.  

The effect  of   vary ing  t h e  ampl i tude   o f  a half-sine-wave  imperfection  on 
the l i n e a r   b i f u r c a t i o n   b u c k l i n g   p r e s s u r e   f o r  the cone w i t h  s t r i n g e r s  is shown 
i n   f i g u r e  15.  For  comparison  purposes, t h e  buckl ing   pressures  are normalized 
w i t h  pr ,  which is t h e  n = 6 buck l ing   p re s su re   fo r  a cone  with no imperfec- 
t ions   and  d / d r  = 1 .  I n   g e n e r a l ,  it can be seen t h a t  the   buckl ing   pressures  are 
f a i r l y   i n s e n s i t i v e   t o   a x i s y m m e t r i c   i m p e r f e c t i o n s .  The imperfec t ion   reduces  t h e  
n = 6 a n a l y t i c a l   l o a d  by 2 percent   whereas   the  n = 3 mode is a l m o s t   t o t a l l y  
i n s e n s i t i v e   t o  the imperfec t ions  up t o  large ampl i tudes .  The n = 5 mode was 
found t o  be more s e n s i t i v e   t h a n   a n y   o f   t h e   o t h e r  modes. R e s u l t s   i n  table I11 
f o r  d/dr 0.33 and 0.68 i n d i c a t e  t h a t  imper fec t ions  may have  inf luenced t h e  
mode  wave numbers;  however, no firm e x p l a n a t i o n   f o r  the d i f f e r e n c e s   i n  t h e  
buckl ing wave numbers  between tes t  and theo ry  shown i n  table I11 was estab- 
l i s h e d  by cons ider ing   ax isymmetr ic   imperfec t ions   wi th   l inear   theory .  The 
fac t  tha t  some modes were found t o  b e  more i m p e r f e c t i o n   s e n s i t i v e   t h a n   o t h e r s  
s u g g e s t s   t h a t  more accurate  imperfection  measurements  and  modeling may be needed 
t o  es tabl ish any  connect ion  between  imperfect ions  and  shif t ing wave numbers. 

CONCLUSIONS 

Resul ts   have  been  presented  f rom  an  invest igat ion  of   the effect  o f  base- 
e n d - r i n g   s t i f f n e s s  on t h e   b u c k l i n g   o f   s t i f f e n e d   c o n i c a l   s h e l l s   l o a d e d  by 
e x t e r n a l   p r e s s u r e .   T h e o r e t i c a l   c a l c u l a t i o n s  were made f o r  stress, buckl ing ,  
and t h e  effect of ax isymmetr ic   imperfec t ions  by us ing  a she l l -o f - r evo lu t ion  
a n a l y s i s   w i t h  discrete r i n g   t h e o r y .  Predicted and  measured s t r a i n s   d u r i n g  
p res su re   l oad ing  were i n  good  agreement .   Buckl ing  predict ions  for   both  exten-  
s i o n a l  and inex tens iona l  modes were i n   v e r y  good agreement  with tes t  data. 

7 



-. . . . . ... _. . 

T h e o r e t i c a l   p r e d i c t i o n s   o f  t h e  effects  of   measured  imperfect ions  using  l inear  
theory  confirmed t h e  fact  tha t  imperfec t ion  effects were small but  fa i led t o  
e x p l a i n  mode-shape d i f f e r e n c e s .  Based on these comparisons, i t  is concluded 
t h a t  the  adequacy  of  the t h e o r y   t o   p r e d i c t   t h e   b u c k l i n g   b e h a v i o r  of c o n i c a l  
shells over a wide range  of   base-end  r ing  s izes   has   been  demonstrated.  

Langley Research Center  
Nat ional   Aeronaut ics  and Space  Administration 
Hampton, VA 23665 
October 27, 1977 
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TABLE I.- R I N G  PROPERTIES 

Area, cm2 . . . 
Iy, cm 4 . . . . 2.885 ~ 2.401 

-0.11093 IXy, cm4 . . . 1.3049 I,, cm4 . . . . 0.3844 

1.0252 J ,  cm 4 . . . . 
1 

0.3187 
0.7688 

0.7642 

0.09205 

-0.0874 1 

-0.1924 

Base r i n g   w i t h  d/dr of  - 
0.67 o .5a 

2.079 1.863 
0.2747 , 0.2451 
0.5099 0.3750 

0.5944  0.4849 

0.09 106 0.09024 L -0.07929  -0.07076 

-0.1724  -0.1590 

0.13 

0.788 
0.0936 
0.0419 

0.0712 

0.07906 

-0.0270 1 

-0.09024 

-r 

0 

0.466 
0.0417 
0.0739 

-0 .O 1203 
0.021  1 

-0.6669 
-0.06563 

I n t e r i o r  Support  
r i n g s  r i n g s  

0.1864 2.081 
0.002225 1 .2658 
0.004132 0.3577 

0.004828 0.2890 
-0.04535  0.08854 

- 
-0.000642 -0.4699 

-0.002205 -0.2631 



TABLE 11.- CONICAL-SHELL  WALL-THICKNESS  MEASUREMENTS 

Conica l - she l l  
specimen 

Maximum 
t h i c k n e s s ,  

cm 

0.104 
.I07 
.IO6 
.I06 
,108 
. IO8 

t h i c k n e s s ,  

0.099 
.098 
.099 
.099 
.099 
. I O  1 

aVar i a t ion  is given as a percentage .  
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TABLE 111.- ANALYTICAL AND EXPERIMENTAL  RESULTS 

Buckling  pressure, 
kNh2 circumferential 

Number of 

waves 
Base-ring 
epth   ra t io  

d/dr configuration 
Base-ring 

( a )  

a s e  

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

~ 

Support-ring 
configuration 

( a )  

)ecimen 

A 

B 

C 

D 

E 

F 

F 

F 

F 

F 

xperimenta: 
bifurcatior 

( b )  

Nifurcatiol: 
n a l y t i c a l  

41.4 

wperimental 

(b )  

4 

3 

3 

3 

6 

6 

~~ 

5 

~ 

3 

3 

n a l y t i c a l  

6 

3 

3 

3 

3 

6 

6 

3 

3 

3 

1 .o 

YY 
%254 

0.635 

1 . 2 7 H T  

1.27 wT 

\ 1.27 

\ H 1.27 

16.1 

8.96 

6.76 

6.76 

42.1 

4 1 . 4  

40.4 

28.3 

19.9 

13 .O 0.33 

0.13 7.91 

6.48 

~ ~~ 

6.48 

0 

0 

bl 1.27 W 42.2 1 .o 

0.80 41.6 

33.9 

27.3 

0.68 

0.58 

20.4 0.Q7 

) imensions  are  in  centimeters .  
Specimens fractured.  
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Figure 1.- Conical-shell specimen geometry with dimensions given  in centimeters. 
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Figure 2.- Room-temperature  stress-strain  curves  for  the 
clear  epoxy  casting  resin. E = 3.00 GN/m2; 1-I = 0.370; 
P = 1154 k g d .  
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CONICAL-SHELL 
SPECIMEN I 7 

UUM 
NE 

PRESSURE-GAGE LINE I 
(a) Cone and test-fixture  cross  section. 

(b) Test setup. 
L-73- 1485.1 

Figure 3.- Experimental  apparatus and schematic  of  cone 
in test fixture. Case 1. 
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Figure 4.- 3uckled  conical  shell  exhibiting  three  full 
circumferential  waves. Case 3. 
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Figure 6.- Var i a t ion   o f   c i r cumfe ren t i a l   s t r a in  w i t h  meridional   locat ion 
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Figure 7.- Ring-circumferential-strain comparison of nonlinear 
analysis  with experiment at 20.5 kN/m2 external pressure. 
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Figure 10.- Variation of buckling  pressure  from a nonlinear prebuckling 
stress state with normalized  base-ring  depth ratio without stringers. 
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F igure  13 . -  Buckling  pressure  from a l i n e a r   p r e b u c k l i n g  
stress-state a n a l y s i s   f o r   c o n e  F w i t h   v a r i o u s   a x i a l  
and radial  buckling  boundary  conditions a t  suppor t  
edge. 
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Figure 14.- Meridional  imperfections  for  conical  shell  specimen C 
surveyed  at  four  circumferential  positions 90° apart. 
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